
Lecture 3. Separable Equations  
Recall in Lecture 2, we solved questions like

 

The idea is integrating both sides. Can we apply the same idea for the following question?

Example 1. Find solutions of the differential equation .

 

 

 

 

 

 

 

 

 

 

 

 

 

① = kiy

'

" f (x )

ANS : If Yf 0, we can divide both sidesby Y ,

und multiply both sides

by dx .

等二 ainxdx
Integratebotl簿:

器笼 ;my1 - = - cosx + c
,

⇒ elmiy
1

= e
- Cosx + C ,

⇒ ly 1 = e
.

e -
cosx

⇒

Y = te
.

e -
cosx

= Ce
- tos ×

( ct 0 )
一

is a constant CfO

⇒ Y = ce
- cosx

,
cto is constant

Note Y
= o also satisties ① ,

So YE 0 is also a solution
.



General Separable Equations

In general, the first-order differential equation  is separable  if  can be written as the 

product of a function of  and a function of :

 

If , then we can write

 

To solve the differential equation we simply integrate both sides:

 

 

Note we also need to check if  gives us a solution.

 

Implicit, General, and Singular Solutions

General solution: A solution of a differential equation that contains an “arbitrary constant” .

 For example, in Example 1,  is a constant is a general solution. 

 

Singular solution: Exceptional solutions cannot be obtained from the general solution.

In Example 1,  is a singular solution.

  

Implicit solution The equation  is commonly called an implicit solution of a differential 
equation if it is satisfied (on some interval) by some solution  of the differential equation.

For example, in Example 1,   is an implicit solution

 

 

 

 

 

 



 

Exercise 2. Find solutions of the differential equation  .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : Note 11 -y ≥ 0 ⇒ - 1 ≤ Y
= l

If AYt 0, xf 0 , we have

J简冷衣 dx

⇒ in
'

y = x tc

⇒ Ylxl = inCx
+ c )

IfNFy ' = 0 ,Y (x ) ≡± 1 ,

which

also satisty the given equation

so the equation has general solution

YCx )
= in( ix + c )

and singular solutions

Y (x ) 三
± 1



 

Example 3. Find the particular solution if the initial value problem

.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

separable

ANs : Wa have
→

了鹿 dx

S 2ydy =* dx
Let U= XE 16 , then du= 2xdx

⇒

Y
'

= A16 + c
⇒ xdx = 当 du

As Y (5 )
= 2

, ∞ Thung 满d * = fdn = vatc

=*16ct
4 = 2

= 16 + c = 3 + c

⇒ C = 1
,

S0

Y
'

=A16 tI Cimplicit solution )

Om

Y =±园+ 1



Exercise 4  Solve the separable differential equation with the initial condition.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS: First separate the
variables :

11 x = 8ya1 装
If yF 0 , we

have

Hx

NA,

dx = 8ydy

Integrate
both sides ;

Ia
,

dx = fsydy ①

To compute the eft
hand side

,
we use

usubs
.

Let u= x41 , then du= 2xdx.

Thus xdx = 立 du .

Then

S# dx = 1 门站 = 号 Su 立du = 是应 ÷ c
,

= I 1N* 1 + C

Thus ① becomes

II41 + Cn = 4y
⇒Y 三并 NA1 +

gpis
alsoaconstant.call itc

.

⇒ Y三年*1 + C
.

→ Y =土的+ c



Thus
y

(x) is either 20 or ≤ 0
,

As Y
10 ) =220 ,

we have to take the
"

t
"

sign .

we have

yo)
=2 =a+ c

⇒ 4 =+ tc

⇒ C = 4 - # = 1 . 25

Thus
yx ) :+1 . 25



Exercise 5 Using separation of variables, solve the differential equation,

 

 

 

 

ANS : We have
since x

5dx = 6x6

ydy :背。
dx

⇒ x
5
dx = 它d(6tx]

“

→ Sydy = )背 dx = 它 d
6 皆。 )

⇒ 第 : 它 1 n | 6 +x 6 |+ C =÷ ln (6 + x0 ) tc
一

since 6 txs is always positive ,

Thus

y
'

= 言 in ( 6 +x^ ) + c


